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Receiver Operating Characteristic analysis for Intelligent Medical
Systems —a new approach for finding non—parametric confidence
intervals.

Intelligent systemsareincreasing being deployed in medicine and healthcare, but thereis
aneed for arobust and obj ectivemethodology for evaluating such systems. Potentially, Re-
ceiver Operating Characteristic(ROC) analysiscould form abasisfor objectiveevaluation
of intelligent medical systems. However, it hassever al weaknesseswhen applied tothetypes
of data used to evaluate intelligent medical systems. Firstly, small data sets are often used,
which areunsatisfactory with existing methods. Secondly, many existing ROC methodsuse
parametric assumptionswhich may not alwaysbevalid for thetest cases selected. Thirdly,
system evaluationsare often more concer ned with particular, clinically meaningful, points
on the curve, than on global indexes such asthe area under the curve which iscommonly
used.

A novel, robust and accurate method isproposed, derived from fir st principles, that calcu-
latesthe probability distribution for each point on aROC curvefor any given samplesize.
Confidenceintervalsare produced as contourson the probability distribution. Thetheor-
etical work hasbeen validated by Monte Carlo simulations. It hasalso been applied to two
real-world examples of ROC analysistaken from theliterature (classification of mammo-
gramsand differential diagnosis of pancreatic diseases), to investigate the confidence sur -
facesproduced for real cases, and toillustrate how analysis of system perfor mance can be
enhanced. Weillustrate theimpact of sample size on system perfor mance from analysis of
ROC probability distributions and 95% confidence boundaries. Thiswork establishes an
important new method for generating probability distributions, and providesan accur ate
and robust method of producing confidence intervals for ROC curves for small samples
sizestypical of intelligent medical systems. It is conjectured that, potentially, the method
could be extended to deter minerisksassociated with the deployment of intelligent medical
systemsin clinical practice.



1.Introduction

Intelligent systems are increasing being deployed in medicine and healthcare, to practically aid
the busy clinician and to improve the quality of patient care [1][2][3][4][5][6][7]. The need for
an objective methodology for evaluating such systems is widely recognised
[2][4][8][9][10][11][12]. In medicine and healthcare where safety is critical, thisisimportant if
techniques such as medical expert systemsand neural systemsareto bewidely acceptedin clini-
cal practice.

Thework described herearosefromacritical investigationinto the potential roleof ROC analysis
asabasisfor objective evaluation of intelligent medical systems. Thework formspart of aniniti-
ativeto develop atheoretical framework for an objective methodology for evaluating intelligent
systemsin this safety critical area.

ROC analysisis now common in medicine and healthcare [4][13][14], particularly in radiology
[8][10][15] where it is used to quantify the accuracy of diagnostic tests [10][16][17]. The per-
formance of an ‘expert’, human or machine, can be represented objectively by ROC curves
[10][18]. Such curves show, for example, the trade off between adiagnostic test correctly ident-
ifying diseased patients as diseased, rather than healthy, versus correctly identifying healthy pa-
tients as healthy, rather than diseased. Many intelligent medical systems carry out this type of
task, whether actualy classified as ‘diagnostic’ [19], or not, e.g. ‘prognostic’ [20].

Toserveasabasisfor objectiveeval uation of intelligent medical systems, ROC analysiswill need
to be extended to address a number of limitations. In practice, ROC analysis can be either para-
metric or non—parametric. In parametric analysis, the underlying population distributions of the
diseased and healthy patients are often assumed to be normal, although other types of distribu-
tions, such asgammaand negative exponential, are sometimes used. In contrast, non—parametric
analysis does not make any assumptions about the form of the underlying population distribu-
tions. When an intelligent medical system istested against human experts a selection of asmall
number of casesis picked, often by anindependent expert. If the underlying popul ation distribu-
tions of diseased and healthy patients gave a binormal ROC curve, arandom sample of patients
from the population would preserve these distributions. However, if the cases are picked by an
independent expert, particularly one who is deliberately biased in favour of picking difficult
cases, the distribution may not be preserved. Thus, non—parametric methods may be more ap-
propriate for intelligent medical system testing.

ROC curves are a complex representation of performance and for convenience, the area under
the ROC curve (AUC) isused asasingleindex of accuracy. Intuitively, the areaunder the curve
can be viewed asthe probability of thetest being ableto correctly identify ahealthy patient from
apair of one healthy and one diseased patient drawn at random from each respective population
[21]. Ashuman experts are available for alimited time, the number of cases used for evaluation
is often small. Existing methods of ROC analysis are often unsatisfactory with small numbers



of cases, especidly if theareaunder the curveishigh. Under these circumstancestheir confidence
intervals can be erroneous, or the algorithms can even fail to produce any result. Obuchowski
and Lieber [22] compared 11 methods of parametric and non—parametric analysis and could
not find a single best alternative for constructing the confidence interval when the sample size
was small.

Further, the intuitive definition of the area under a ROC curveis not directly related to the task
an intelligent medical system may be required to perform. For example, an intelligent medical
systemmay berequired to make adecision about the disease status of asingle patient of unknown
health. The areaunder the ROC curve givesthe probability of correctly identifying ahealthy pa-
tient from apair where oneisknown to be diseased and the other oneisknown to be health, which
isof limited practical value in the clinical situation.

Theaim of thework reported here wasthereforeto find anon—parametric method of ROC analy-
sisthat would be robust and accurate over any number in the sample, particularly small numbers,
and could be applied to particular points on the ROC curve of clinical interest. To achievethis,
the underlying probability theory wasre—examined, and anovel method of producing aprobabil-
ity distribution over thewhole ROC graph, for each point on the curve, wasderived. Thetheoreti-
cal work has been validated by Monte Carlo simulationsand it has al so been applied to two real—
world examples taken from the literature. While many Monte Carlo simulations assume afixed
population ROC curve and examine the distribution of samples generated randomly from the
fixed population, our simulation generated random samples from random population ROC
CUrves.

2.Receiver Operating Characteristic (ROC) Curves

Takethe situation wherethere aretwo types of events, signal (diseased), and noise (healthy), and
it is hoped to distinguish between them by measuring a characteristic property of these events,
onanordinal, interval or ratio scale. Fig 1. givesahypothetical exampleof therelativefrequency
with which two types of events give different values of the measured property. To distinguish
between the types of event athreshold is chosen such that events with ameasurement lower than
the threshold arelabelled as noise, and events with ameasurement greater than the threshold are
labelled as signal. Since the two distributions overlap, no threshold value will completely separ-
ate them. Table 1 showsthe 2 by 2 contingency table of the actual type of aevent, against itstest
classification according to the threshold. This table assumes there is a standard by which the
actual type of the event is known.

The test can then be characterised by two ratios:

, _ True + ve __bo
Hit Rate = True + ve + False—ve = by + b,
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If multiplethresholdsare used, for example, to categoriseeventsinto ‘ definitely signal’ ‘ possibly
signa’, ‘possibly noise’, and * definitely noise’, the contingency table can be expanded to a2 by
n+ 1 table, where nisthe number of thresholds; for example, for a2 by 4 table, asshownintable
2.

From the table, n pairs of Hit Rate and False Alarm Rate can be calculated. The example, table
2 gives the following three pairs:

i by 2y
= False Alarm Ratey =
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Hit Rate, = —0° 1 2 False Alarm Rate, = - 0T 417 %
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With asufficiently large number of thresholds changing in small discrete steps, aplot of Hit Rate
(along they axis) against False Alarm Rate (along the x axis) for each threshold gives areceiver
operating characteristic (ROC) curve. A typically shaped curvefor amulti threshold plotisgiven
inFig. 2.

The curve thus shows the trade off between correctly detecting asignal and mistaking noise for
asignal. If thetwo underlying population distributions are well separated the curvewill immedi-
ately riseto thetop left corner (0.0, 1.0), and then proceed horizontally, whileif the distributions
tend to overlap, such that they cannot be distinguished by the measurement, the curve will ap-
proach the diagonal (0.0, 0.0to 1.0, 1.0).

If aROC curve is plotted for a sample of cases the curve will only be an estimate of the actual
ROC curve of the population. Confidence intervals therefore need to be given. Many methods
of producing confidenceintervalsfor the areaunder the curve, both parametrically [23] and non—
parametrically [17][18][21][22][24][25], and for each individual point on a non—parametric
curve [26][27][28] have been given. However, for small samples sizes, typica in intelligent
medical system testing, none of these methodsisideal [22]. In the case of binormal parametric
model s the methods can fail to produce any results at all when the diseased and healthy samples
do not overlap. This can happen particularly with small samples when the population AUC ap-
proaches 1.0 [29].

3.A New Approach to ROC Analysis

The method proposed here assumes a non—parametric model that isrobust and accurate over all
data sets. It returns to the underlying probability theory to construct a probability distribution
over theentire ROC graph for each point of the curve. The method isbased on asking thefollow-
ing question for every possible point on the surface of the ROC graph:



‘If this point represents the true Hit Rate and False Alarm Rate of the population, what would
be the probability of getting the sample actually obtained?’

If that question can be answered for every point on the graph, the relative probability of every
point canthen be cal culated, and normalised such that thetotal rel ative probability sumsto 1. This
generatesthe normalised rel ative probability surfacefor the true Hit Rate and False Alarm Rate.
By dividing the surfaceinto afinegrid, and integrating the expression for therel ative probability
of every point over each square of the grid, the surface can then be presented as a 3D mesh, or
contour lines can be drawn to enclose an arbitrary percentage of the probability, e.g. 95% of the
probability, which gives the 95% confidence interval for the location of the true Hit Rate and
False Alarm Rate.

First consider thesituation wherexisthe False Alarm Rate of the population, given asaprobabil-
ity between 0 and 1. If ag isthe number of false positives, and a; the number of true negatives
inthe sample, then P, the probability of obtaining ag False Alarmsinag + a; healthy caseswhen
the probability of a False Alarm is x, is given by:

+
Praga, = (aoaoal) x% (1 —x%

The ratio between the probability at two arbitrary points x and X is given by:

+ a
<a0a0 1) Xiao (1 — Xi)al
Pxiaoal — — X;% (1- Xi)a1
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The relative probability for the Hit Rate can be derived in the same way.

Now consider the full situation wherey isthe Hit Rate of the population, given as a probability
between 0 and 1, x is the False Alarm Rate of the population, given as a probability between 0
and 1, and f isthe frequency of disease eventsin the population, again given as a probability be-
tweenOand 1. If by isthe number of true positives, ag the number of fal sepositives, b, the number
of false negatives and a; the number of true negatives in the sample, then P, the probability of
aROC point being at thelocation x,y, isgiven by the probability of obtaining bg+b1 diseased cases
inag+aj+bg+bq caseswhenthe probability of diseaseisf, multiplied by the probability of obtain-
ing ag False Alarmsin ag+a; healthy caseswhen the probability of aFalse Alarmisx, multiplied
by the probability of obtaining by Hits in bg+b; diseased cases when the probability of aHitis
y:

ap +a; +by+ by a, + 3, by + by
Prtogaghiay = by + b, fPo*P1 (1 — f)Po*a ag X% (1—x% bo yo (1—y)

The ratio between the probability at the point Xy, and an arbitrary fixed point X ,y; isgiven by:
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This shows the relative probability isindependent of f, the relative frequency of noise eventsin
the population, which would be expected for a ROC graph [10].

In order to scale the relative probability at each point x,y;, to sum to 1, when integrated across
the whole surface, the probability ratio is divided by the integral over the surface:
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The Beta function, by definition, and given that m and n are integers, is:
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Substitute (2) into (1)
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NormalisedPointRatioy, =

To represent the surface, it is divided into afine grid and the probability of each quantized grid
sguare is calculated by intergating the probability at a point, over the area of each grid square.
Theintegral over the areais equal to the product of two, one diminsional intergals along the Hit
Rateand False Alarm Rate axes. Thereforetwo vectors, X and Y, eachwithi elements, aredefined
to hold the one dimensional integrals:

Jxao (1 —xa dx

J and @3)
Xi = "
ala,!
(@+a,+1)
fyao (1-y)2 dy
21 For all i fromi=1toi=n (4)
Yi= bo!b,!
(bo+b,+1)

The probability surface, quantized as a fine grid, is therefore the product of the two vectors:
Surface = X - YT (5)
The numeratorsof thevectors X and Y ((3), (4)) aregivenintermsof an expression of thefollow-
ing form:
r
Numerator = J x% (1 —x)% dx (6)
q

Where q is the probability at the lower boundary of the element, and r is the probability at the
upper boundary of the element.
r q
Numerator = Jxao (1-x% dx — Jxao (1 - x2 dx (7)
0 0

Dealing with one partial beta function at atime, where either g or r can be substituted for s:

S
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Applying the binomial expansion:

s
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Change the limits on the integral from0to s, to 0to 1, by letting x = st, which impliesdx = s
dt, and letting & = &gk

s 1
Jxao (s— X% dx = J(S )% (s—s t)%2 s dt
0 0

1
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Substituting the modified Beta function as given by (2):

—_ ag+ay+1) 3! ay!
sora (ag +a; + 1! ©)

Substituting (9) into (8):
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Substituting (10) into (7) and then substituting into (6) and simplifying:
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Numerator = agla,! .(:zo K@g+a, + L= K (11)




Substituting (11) into (3) gives the expression for each element of the X vector:
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Similarly, for Y, (by substituting (11) into (4)):
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Equations (12) and (13) give the fina computational form of the expressions used to generate
the quantized probability surface of a ROC point using the product in equation (5).

4.Multiple Points

The analysis can now be expanded to the general case of multiple ROC points. Asit has been
shown above that the surface can be treated as a product of two probability density vectors, one
for Hit Rate and the other for False Alarm Rate, this discussion will examine only one vector,
the X', or False Alarm Rate vector, the identical method being applicable to the Y’, or Hit Rate
Vector.

For aROC curveof n points, there are n+ 1 classifications of events (threshold ranges). L et there
be g occurrences of event g, wherei = 0, ..., n (seetable 2). Let the true probability of event
g bex, wherex isbetween 0 and 1. Now an extension of the hypothesi s stated above can be ap-
plied, by asking the following question, for every point:

‘If thispoint, X, X1, ..., Xn, representsthetruefrequency of events, ey, e, ..., &, inthepopulation,
what would be the probability of getting the actual results ag, a, ... , &, obtained?’

If that question can be answered for every point, the relative probability of every point can be
calculated and normalised so the sum of all pointsis 1, thereby giving the normalised probability
density surfacein n+1 dimensional space.

By multinomial from the numerator of equation (1) for the single ROC point case, therelative
probability p, can be written in as.

n—1 n—1 1% n
e s - %1
i i=0 i=0

=0
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Therelative probability isapoint lying on a hyperplanein n+ 1 dimensional space. To represent
the probability distribution on atwo dimensional ROC graph, the n+ 1 dimensional normalized
probability density surface must be mapped into one dimension, i.e. to a X’ vector for the False
Alarm Rate, or aY’ vector for the Hit Rate, and the two dimensional ROC surface formed as a
dot product of the X’ and Y’ vectors.

Note that each point on the ROC curve represents a different combination of events. The first
point represents ey events only, but the second point representsthe ey plusthe e, events, thethird
point ey, e; plus e events, and so on. This adds a subtlety to the way the hyperplane is mapped
to the linear probability distribution for each point.

L et sp bethe actual probability of thefirst ROC point. Thefirst point representsonly thetruefre-
guency of the ey events. As sp varies from 0 to 1, it is directly related to xg by the relationship
So = Xg. The hyperplane is mapped into the line by integrating across slices at right angles to the
Xp axis.

Let s, bethe actual probability of the second ROC point. The second point isthe combined fre-
guency of the g events, plus e; events, in the population. If does not matter what the individual
frequency of ey eventsis, or what the individual frequency of e; eventsis, only the combined
frequency matters. As s; varies from 0 to 1, the relative probability distribution of the second
point can be calculated over the range. For any value of s, Xg and x; are bound by the relation
S1 = Xp + X1. The hyperplane is mapped into the line by integrating across two dimensional diag-
onal slices at right anglesto theline xg+ x; = 1,

Similarly, let s, be the actual probability of the third ROC point. Thethird point isthe combined
frequencies of ey, €1 and e events. As variesfrom 0to 1, Xg, X1 and Xp are constrained by the
relationship sp = Xg + X1 + X2. The hyperplane is mapped into the line by integrating across the
three dimensional diagonal dlices at right anglesto theline Xg+ X1 + X2 =1,

By way of example, the integrals for afour point ROC curve are therefore:

4.1.Four ROC points, 15t Point

1-5 1=5—=% 1=S—=X =X,

f(so) = J

0

So X ® X2 Xg® (1 — 55— X; — Xy — Xg)* dxgdx,dXg

O

0

The variable sy ranges from 0 to 1 across the probability surface. In this case 5p is equivalent to
Xo. Since the function is constrained to the hyperplane xg+x1+xo+x3+X4 = 1, X istherefore con-
fined to the range 1-sp, which are therefore the limits of the outer integral. Similarly, xo isthen
confinedto therange 0to 1-sg—x1, thelimitsof themiddleintegral, and X3 isconfined to therange
0to 1-sp—x1—Xo, the limits of the inner integral. The expression iskept on the hyperplane by sub-
stituting X4 = 1 — 59— X1 — Xo — X3, in the last term.

Substituting in equation (9), where sisin turn 1-sp—x1—Xp, 1-Sp—X1, and 1-sg:

1
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S = s (L= s g T ag 2, 73 (@ + a5+ 2, + 2
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4.2.Four ROC points, 2"d point
s 1-5 1-8—X,

f(s) = J J J Xo® (S8 — X% X% X% (1 — 5) — Xy — Xg)% dxa0X,AXg
0 0 0

Again, the variable s; rangesfrom 0 to 1 across the probability surface. Inthiscase sy = Xg + X1,
andthereforexgisconfinedtotherange0to s;, which arethereforethelimitsof theouter integral,
S1 —Xgissubstituted for x4 inthe second term, and s; isa substituted for |(xg+x;) inthelast term.
The range of X, isthen confined to the range 0 to 1-s;, the limits of the middle integral, and x3
is confined to the range 0 to 1-s;—X1, the limits of the inner integral.

a)l ag! a,
(a, + ag+ a, + 2)!

f(s) = Sla0+a1+1 (aOiO!aa-li D a- 31)a2+a3+a4+2
1 -

4.3.Four ROC points, 3 point

S, =% 1-s,
f(sy) = J J J Xo2 X3 (S, — Xg — X)® X3% (1 — s, — Xg)* dxgdx,dx,
0 0 0

Here, sp = Xg + X1 + Xo. Thisis used in the third and fifth term. The outer and middle integrals
are limited by this expression. The inner integral is constrained by the hyperplane.

— +a,+a,+2 a0I a1! 3.2! _ s +ta,+1 3.3! 3.4!
fsy) = 5778 (ag+a; +a, + 2) (1= )%™ (ag+a, + 1)
4.4.Four ROC points, 4t point

S $3=X ST XX
f(sy) = Xo2 X1# X% (S5 — Xg — X; — Xp)% (1 — s5)+ dx,dx,dx,

0 O
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Here, s3=Xg + X1 + X2 + X3. Thisisused in the fourth and fifth term. All theintegralsare limited
by this expression. The hyperplane constraint is only evident in the last term.

— o ta,ta,taz+3 aO! a1! a2! a3! _ a,
f(S3) = 53 Gotata,+ar3 %

4.5.The General Result for Multiple ROC Points

Sincef(s,) isaratio, thefactoria terms cancel out. Integration of the expressions for each point
of one, two, three, and four point ROC curves reveal s a pattern, which by induction generalises
to:

iaﬁm—l

+n—1
f9 =2 " 1- 95
Where n is the number of the point, and n+m the total number of pointsin the curve.

If:

n m
a’O=Zai+n—1 and a’1=Zaj+m—1
i=0 j=0
The multi—point ROC equations are in exactly the same form as the numerator of single point
ROC equation (1) and since the denominator is the intergal over the whole hyper volume used
to normalisethedistribution to sumto 1.0 the same method can be applied to cal cul ate the norma-

lised relative probability surface.

It should be noted that the probability distribution of n ROC points actually existsin 2n dimen-
sional space. The mapping to n 2D probability surfaces, overlaid on one ROC curve, is merely
a convenient representation of this single multidimensional probability distribution.

5.Plotting the Surface

A computer program waswritten in C++ to perform the cal culation and plot the 95% confidence
interval contour. The surface was quantized to 256 by 256 elements for the graphical presenta-
tion. The actual code optimised the mathematical expression (12) (and (13)) by only calculating,
and storing in a vector, the boundary values:

a, (ln)ao+a1+1—k (1 B Ln)k
BoundaryValue = (ay + a; + 1)! z
k=0

Kl(ag +a; + 1 - K)!

Each element wasthen cal cul ated asthe difference between two boundary values. Because of the
range of the exponent required in the calculation, the excess exponent was held in along integer
as each value was calculated. Many terms in the expression were pre—cal culated and accessed
from lookup tables.

Thesurfacewasthen cal culated by adot product of thetwo vectors. The‘tiles' of thesurfacewere
then sorted by normalised probability, largest first, and marked in order, fromthelargest, asbeing

13



inside the confidence boundary until the sum of the marked ‘tiles’ equalled 2% of the sum of all
thetiles. A boundary drawing a gorithm wasthen applied to draw around the marked areato give
the 2% confidence boundary.

6.Simulation Study

Tovalidatethe method and the algorithm aM onte Carl o simulation wasperformed. The L’ Ecuyer
[30] pseudo random number generator with aperiod in excessof 2 x 1018, incorporating aBays—
Durham shuffle with added safeguards, was used. Samples with 2", n=0..10 cases were sSimu-
lated. Each sample sizewas simulated with adifferent set of frequenciesof diseasein the popula-
tion. Sampleswith one case were simulated with afrequency of disease of 1/2, sampleswithtwo
caseswith frequenciesof disease 1/2 and 1/4, throughto sampleswith 1024 casesbeing simul ated
with frequencies of 1/2", n=1...11. It was not considered worthwhile simulating situationswhere
thefrequency of disease, inrelationto the number of cases, would oftenresult in no diseased cases
at all. For each samplesize, at each frequency of disease, ROC curveswith 1, 2, 4, 8 and 16 points
were simulated. Each point of the multi point ROC curves were simulated independently of the
other pointsto avoid correlation effectsaseach 2D distribution of aindividual pointisadifferent
view of the same multidimensional probability distribution of all the points combined. For each
test, a population hit rate and false alarm rate was generated for al points, whatever the actual
point under test. Then each event within the sample was randomly assigned to the diseased or
healthy groups according to the frequency of diseasein the population and categorised according
to the previously generated population hit ratesand fal se alarm rates. For instance, a4 point ROC
curvehas5 categories. Thissynthesi sed sampledatawasused to generate the probability distribu-
tion of each samplefor the chosen point. The position of the actual popul ation ROC point within
the probability distribution was then recorded to produce a histogram of 20 bins giving the
number of timesthe pointsfell in the 5%, 10%, ... 95%, 100% confidenceinterval. Each test was
run 2,000 times with the expectation that an average of 100 pointswould be found in each of the
20 confidence intervals. A chi—squared (X?) measured was taken of the 2,000 tests, and the ex-
periment repeated 200 timesto obtai n ahistogram of the chi—squared values. Thetotal simulation
thusgenerated (1 +2+ ...+ 11) x (1 + 2+ 4 ... + 16 ) chi—sguared histograms of 200 x 2,000
simulated ROC curves, and ran for over amonth of a powerful Unix workstation. If the experi-
ment was working, each histogram of chi—squareswould approximate the chi—squared distribu-
tion for 19 degrees of freedom. The results of the Monte Carlo simulation are discussed in the
section 7.

Thepopulation hit rateand falsealarm ratefor multi point ROC curveswere produced by generat-
ing auniformly distributed random number between 0 and 1 for the population hit rate of each
point and sorting them into ascending order. The same was donefor the false alarm rate. The hit
ratesand fal se alarm rateswere then paired together in the sorted order. This produced datacom-
patible with the ROC curve format, but without parametric assumptions.

14



It should be noted that the simulation study is unusual in the method of picking the population
ROC curves. Many studies[17][23][31] fix the parameters of the curve, e.g. to abinormal curve
with an AUC of 0.8, generate random data samples from that population curve, generate sample
ROC curvesfrom the data, and verify that the confidence limits (e.g. 95%) of the sample curves,
containsthe population curve the correct percentage of thetime. The current study simulated po-
pulation ROC points occurring anywhere on the surface, generated data samples from the point,
plotted the probability distribution from the data sample, and verified that the point was within
given percentiles of the distribution the correct percentage of the time.

The proposed validation method will not work when the parameters of the curve arefixed. This
can be explained by considering the following thought experiment. Fig. 3. showsthe probability
distribution of aROC point asacontour map with the 33%, 66%, and 100% contour marked. The
100% contour covers the whole graph. The interpretation of the contoursisthat 33% of the po-
pulation points that might have produced this sample are inside the 33% contour, 33% of the
points are between the 33% and the 66% contour, and 34% are between the 66% and 100% con-
tour. For the sake of the thought experiment, the contours should be regarded as steps with even
distributions within each contour. Now consider running a Monte Carlo experiment where the
samplethat produced this probability distribution happensto be generated 100 times. If the con-
toursare correct, about 33, 33 and 34 popul ation pointswill land within each contour respective-
ly. Now consider only drawing the test population ROC points from the grey areawhich shows
aregion of hypothetical ROC curves. The easiest way to do thisisto regard the grey areaas a
mask. If we repeat the experiment with the mask, only generated population points that happen
tolieinthegrey areaare used. Sincethewhol e of the 33% contour isgrey, wewill again get about
33 population pointsin the 33% contour. However, the 66% contour is only about 40% grey, so
60% of the cases that would fall in this area are masked out, |eaving about 13 population points
in the contour. Similarly, the 100% contour is only about 10% grey, so 90% of the population
pointswill get masked out leaving about 3 population points. A chi—squared test against the ex-
pected result of 33, 33, 34 will therefore fail. In other words, there is no point in a confidence
interval including any areathat cannot have produced apopul ation point, or conversely, al points
on the surface have to be able to produce a population point. The thought experiment can be ex-
tended to the situation wheretherearemultiple‘ grey’ regionswith various probabilities of mask-
ing population points, and any number of step contours. At the limit, the mask becomes an arbit-
rary continuous probability distribution and the step contour approximation becomes to a
continuous probability distribution. It can be seen that the experiment is unlikely to work if the
distribution of population pointsisuneven. Themethod used in the experiment preservesthe uni-
form distribution along the hit rate and false alarm axis, though the sorting to give avalid ROC
curve produces a non—uniform, but still valid, distribution across the ROC graph surface.

7.Simulation Results
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The simulation run produced 2046 histogramsin total, of which only 63 are shown here. Fig. 4.
givesthe histograms for 1 point ROC curves over 6 sample sizes and 6 frequencies of disease.
Fig 5. gives the same histograms for the 3'd point of 4 point ROC curves, and Fig. 6. for the 5t
point of a 16 point ROC curve. The theoretical chi—squared distribution is plotted as a curve on
each histogram so avisual comparison can be made between the results expected in theory, and
those optained in practice. As can be seen from the diagrams, the experimental results give the
expected chi—squared distributions, which given the number of cases simulated, 400,000 in each
histogram, indicates the method isworking within the limitations of the quantization of the ROC
graph into 256 by 256 elements and the stochastic nature of Monte Carlo simulations.

8.Application

The method detailed above was applied to two examples of ROC analysispublishedinthelitera-
ture in order to investigate the confidence surfaces produced on real data, and to illustrate how
the proposed method could enhance the analysis.

The first example is taken from Swets [10] in which the author recommended the use of ROC
analysisfor measuring the accuracy of diagnostic systemsin general. An example was presented
to illustrate the use of ROC analysis and the area under the curve as the preferred single-valued
measure of accuracy. A study had previously been carried out in which six radiologists were
asked to examine 118 mammograms (58 malignant, 60 benign) and classify theminto one of five
categories according to likelihood that the lesion was malignant. The radiol ogists diagnosed the
mammograms firstly unaided (denoted as *‘ standard’), and then using two diagnostic aids (de-
noted as ‘ enhanced’). Theraw datafor pooled categorisations were given in the paper, allowing
the ROC graph for the standard and enhanced diagnoses (as shown in Swets' Fig. 2 [10]) to be
reproduced here as Fig. 7. From the raw data the 95% confidence boundary of each point was
calculated by the program described in Section 5. and these confidence boundaries are shownin
Fig. 8. The entire process of calculating the ROC probability distributions and determining the
95% boundaries took roughly 5 seconds on a 100 MHz Pentium PC.

It should be noted that each confidence boundary isadifferent two dimensional view of the same
8 dimensional probability distribution. Each co—ordinate in the 8 dimensional space represents
the probability of the population ROC curve passing through the 4 pairsof hit rateandfalsealarm
rate that describe that 8 dimensional co—ordinate. A 95% confidence boundary can thus be
described in the 8 dimensional hyper volume, which is the actual 95% confidence interval for
the ROC curvejoining the four points. A full theoretical analysis and methodology hasyet to be
completed, but preliminary analysis has shown that the process can be approximated by joining
line segments through tangents to the 95% confidence boundaries of each ROC point such that
the maximum and minimum areasare enclosed. It should al so be noted that use of asmooth curve
or straight line segments to join pointsis an arbitrary choice outside the theory of the method.
An example using straight line segments for Swets' ‘standard’ ROC datais showninFig. 9. In
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order to give a comparison with ROC curvesin the literature, this approximation has been used
to estimate the confidence interval for the AUC.

Calculating AUC from straight line segments as shown in Fig. 7 and the 95% Cl’s as just de-
scribed gives non—parametric values for AUC (with 95% CI) of 0.79 (0.739 to 0.839) for the
‘standard’ points of Swets. Similarly, valuesfor AUC of 0.86 (0.815 to 0.898) are obtained for
the ‘enhanced’ points. In his paper Swets used a parametric method to estimate a‘ maximum-i-
kelihood' curve through the points and a corresponding parametric estimate of the AUC and its
standard error. Thevalueshe obtained were 0.81 and 0.87 with standard errorsof 0.017 and 0.014
for the‘ standard’ and ‘ enhanced’ diagnoses respectively. Parametrically, the 95% CI isgiven by
the mean value +/— 2 x standard error, which leads to values for AUC (with 95% CI) of 0.81
(0.776 t0 0.844) and 0.87 (0.842 to 0.898). It can be seen that the non—parametric estimates ob-
tained here agree well with Swets' parametric estimates, albeit with slightly lower AUC’s and
fractionally larger confidence intervals.

Thesecond exampleistakenfrom Adlassnig & Scheithauer [4] inwhichan expert system, known
asCADIAG—2/PANCREAS, for thedifferential diagnosisof ten different typesof pancreaticdis-
easeisdescribed. The performance of the system was compared to an histologically or clinically
confirmed ‘gold—standard’ diagnosis. Forty seven patient records were available in which one
or more of asubset of six pancreatic diseases had been diagnosed. Four patients had dual diag-
noses, giving atotal of fifty one diagnoses of one of six diseases. A series of ROC graphs were
presented, illustrating the performance of the CADIAG-2 system in the differential diagnosis of
specific diseases, both using what was described as alimited set of patient dataand with thefull
set of available patient data. Their Fig. 9 and Fig. 10 presented the evaluations of 8 diagnoses of
acute pancreatitisfrom the 51 by CADIAG-2 compared to the ‘ gold—standard’ using limited pa-
tient dataand full patient datarespectively [4]. Although the raw datawas not given, becausethe
number of cases were so small, it can be accurately reconstructed from the ROC graphs. These
data are here combined and reproduced as Fig. 9 and the 95% confidence boundaries calcul ated
from the data are shown in Fig. 10. In this case the process took only 3 seconds on a100 MHz
Pentium PC.

Although Adlassnig and Scheithauer described the use of AUC and testing itsdifferencesstatisti-
cally for comparison of ROC curvesin their paper, no resultswere given for the curves obtained.
From Fig. 10 it isobvious that there is considerable uncertainty in the results due to the limited
number of cases used. Using the method described above givesan AUC of 0.79 (0.476 to 0.936)
for thediagnosesbased on‘limited’ patient dataand 0.94 (0.617t00.981) for the diagnosesbased
on‘full’ patient data. Intheir analysisof eval uation resultsthe authorsgo on to state that accuracy
was always increased by adding the ‘full’ patient data, in accordance with anticipation. While
the ROC curves presented in Fig. 10 appear to support this common sense conclusion, the large
confidence boundariesin Fig. 11 suggest that this conclusion was probably premature given the
data. Further, giventhat arandom classifier hasan AUC of 0.5and aperfect classifier hasanAUC
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of 1.0, the fact that the 95% confidence intervals of the AUC for both sets of data are so close
to these extremes illustrates how much caution should be placed in a study of such limited
numbers.

Fig. 8 and Fig. 10 clearly illustrate the difference that sample size makes to the confidence that
can be placed in the location of each point. Whilethe ROC curve of the mammogram diagnoses
in Fig. 7 do not look as accurate as the ROC curve for the diagnosis of acute pancreatitisin Fig.
9, examination of the confidence boundariesin Fig. 8 and Fig. 10 showsthat the 708 (six opinions
of 118) mammograph cases are sufficient to give good confidence of the location of the ROC
pointsand henceinthecurve, whilethe 51 pancreatic casesgiveamuch larger confidence bound-
ary. In particlular, it can be seen by consideration of pairwise pointsin Fig. 8 that the points are
outside of each others' confidence boundariesin all cases, and that the confidence boundariesare
mutually exclusive in one case. In contrast, in Fig. 10, the points with false alarm rate of 0.093
lie within each other’s confidence boundaries, the ‘limited’ data point with false alarm rate of
0.638 lieswell within the confidence boundary of the ‘full’ point, and that there isahigh degree
of overlap in confidence boundariesin all cases.

9.Discussion

Thisfocusof thisresearch istoimprovetheformalisation of the eval uation of intelligent medical
systems. ROC analysisis an established method of measuring diagnostic performance that has
frequently been applied to the evaluation of intelligent medical systems[4]. In this context there
are two common characteristics of evaluation data: (i) a set of ‘difficult’ or ‘interesting’ cases
areusually selected for the eval uation task rather than cases being picked at random from popula-
tion data, and (ii) the sample sizes are often quite small in order to be manageabl e by the human
experts. In any method of measuring diagnostic perfomance, including ROC analysis, itishighly
desirableto accurately quantify confidenceintervals. Because of the described propertiesitisim-
portant therefore to have amethod of generating ROC confidence interval's based on non—para-
metric assumptions which isrobust for small sample size. However, none of the previously de-
rived methods satisfy these requirements [22]. This paper setsout anovel method for generating
robust and accurate probability distributionsfor all pointsof anon—parametric ROC curve based
on samples of any size. From these probabilty distributionsit is straight forward to derive confi-
dence boundaries as required.

The theoretical analysis indicates that the method derived above should be robust and accurate
over any sample size, for any frequency of disease, and for any number of points. The method
would appear to overcomethelimitation stated by Zou et al. [22] that al| non—parametric models
are unreliable for corners of the curve since thereis not much information at the extreme points.
At thelimit, with samplesconsisting of (animpractical) zero cases, themethod i srobust and accu-
ratein producing aflat probability distribution over thewhole surface. In other words, each point
on the ROC surfaceisregarded as equally likely for the population apriori. The method is also
robust with samples that do not have any false positive or false negative cases. Other methods
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[29] fail on these samplesthat occur with increasing frequency the further the diseased and nor-
mal distributions are separated and the fewer the number of casesin the sample.

The method described was implemented in software and was thoroughly tested by Monte Carlo
simulation. It was seen to produce accurate probability distributions over awide range of sample
sizes, from 1to 1024 in powersof 2, over awiderange of frequenciesof diseaseinthepopulation,
1/2 to 1/2048 in powers of 1/2, for ROC plots with awide range of number of plotted points (1,
2, 4, 8 and 16). The Monte Carlo simulation used anovel technique in randomly picking the po-
pulation pointson the surfacewith an even distribution acrosseach axis. Thiscontrastswith exist-
ing methodsthat pick asmall number of fixed curves. It has been shown that thismethod istheor-
etically justified.

The use of confidence boundaries to enhance the analysis of real data has beenillustrated. The
separation of pointsand their confidence boundariesin Fig. 8 visually emphasises Swets' analy-
sis[10] that the difference between AUC for the two diagnostic situationsis statistically signifi-
cant. In the case of Adlassnig and Scheithauer, the large confidence boundaries obtained from
such limited data clearly indicate the limitations of their study. ROC analysisis being used with
increasing popularity in the evaluation of medical intelligent systems. If ROC curves are to be
of real benefit, rather than simply being pretty drawings, the errors must be properly calculated
and represented. Thiswork establishes an important new method for generating probability dis-
tributions for all such studies.

Thiswork has afurther, potentially very important, application to the evaluation of medical in-
telligent systems. For ROC analysisto be valid and, in particular, for area under the curveto be
ameaningful measure, successive pointson an ROC curve must be generated by altering the per-
ceived cut—off value in the single (multi—valued) output. However, often in intelligent systems
such as expert systems, fuzzy logic models, and artificial neural networks, internal model para-
meters may be varied or ‘tuned’ in order to ater performance. Such alterations produce aterna-
tive outputs which can be plotted as points on an ROC chart, but the points are not rel ated to each
other as points on asingle curve. Another example would be different expert opinion of asingle
fixed diagnostictest. The method presented hereallowsaprobability distribution to be cal cul ated
for each such point independently and hence could allow meaningful comparisons between
points.

In future, extensions of the method to other aspects of ROC analysiswill be investigated. These
include comparison of ROC curves produced by different diagnostic tests, either using paired,
unpaired or partially paired data, and, for the present research, comparing ROC curves produced
by intelligent medical systemswith ROC curves produced by experts when examining the same
cases[23]. Potentially, from the probability distributions of ROC curvesit is conjectured that it
should aso be possible to give the exact probability that one ‘expert’ is better than another ‘ ex-
pert’. Thisimproves on the present situation where only a qualitative comparison can be made,
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and would be significant because then exact risks could be calculated for the deployment of an
intelligent medical system in clinical use.
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Captions
Fig. 1. The underlying model for ROC curves

Table 1. Single threshold contingency table

Table 2. Three threshold contingency table, where @ is the measurement.
Fig. 2. Example ROC Curve

Fig 3. Thought experiment on the distribution of ROC curves tested.
Fig. 4. Histograms of chi—squaresfor 1 point ROC curve

Fig. 5. Histograms of chi—squared for 3" point of 4 point ROC curve
Fig. 6. Histograms of chi—squared for 5" point of 16 point ROC curve
Fig. 7. ROC curve of diagnosis of 708 mammograms (from Swets)

Fig. 8. The 95% confidence boundaries of ROC pointsin Fig. 7.

Fig. 9. ROC curve for 51 diagnoses for acute pancredtitis (from Adlassnig & Scheithauer)
Fig. 10. The 95% confidence boundary of pointsin Fig. 9.
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